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—. Logic (5 questions, 35 points)

1. (6 points) Determine the truth value of each of these statements if the universe of dis-

course for all variables consists of all integers.
1. Vady(x +y = 1)
2. dxFy(x +2y =2 A 2x 42y =5)

3. J2Vy(x < y?)
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2. (5 points) UEBH NI AR (AHEAERTE
“(perqg)=((pVva)A-(pAq)
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3. (9 points) ¢ T Fl Al AF 540 CESRAS ] 2 B A AE0
1. RZE LR TR
2. fEAER TARR AR L AR AL BN
3. WA PEE (A, <) WH BTG

4. (7 points) 1AIE M "~ T (1 HEZE 947 RcHE 2R



Hig: Vo(F(z) Vv G(x))
Ve (G(x) — - R(z))
VaR(z)

. VaF(x)

5. (8 points) Wi~ FI45 18 2 75 1A
1. Va(A(z) A B(x)) = Vo A(z) AVeB(x)
2. 3z(A(z) A B(z)) = JzA(x) A JeB(z)
3. Va(A(z) V B(x)) = Ve A(z) V Vo B(z)

4. 3z(A(z) vV B(x)) = 3zA(z) V 3z B(x)



.+ Sets and Functions (3 questions, 20 points)

6. (6 points) Let A, B and C' be sets. Prove that

(A-B)UC=A—-(B-C) ifandonlyif CCA

Solution.

= if (A—B)UC = A — (B — (), then we have

CC(A-B)UC=A—(B-C)CA.




<= if C' C A, then we have

(A-B)uC=(ANnB)UC
=(AuC)N(BUCQ)

=AN(BUCQC) // because C' C A

=ANnBNC
=ANB-C

—A—(B-0).

7. (8 points) Determine whether these statements are true or false.

1. 0 e {{0}}.

2. If A and B are both uncountable sets, then A N B is also uncountable.

3. The mapping f from R to R defined by f(x) = x% is a function which is neither
onto nor one-to-one.
4. The mapping f from R to R defined by f(x) = 2 — 2z is a function which is both

onto and one-to-one.

Solution.

1. False.
2. False. f A=Rtand B=R,then AN B = 0.

3. False. f is not a function since it is undefined at x = 0.

4. True.

8. (6 points) Suppose A is an infinite set. Prove that A has a proper subset B (i.e., B C A)

FSU,



such that |[A| = |B|.

Solution. Since A is infinite, it has a infinite countable subset Ag C A. Suppose

Ay = {ay,a9,as,...}. Thenwelet B = A — {a;}. We can construct a bijection f
from A to B as:

T J]GA—AO
flx) = :

Qi1 T = Q4

Thus we have |A| = | B| and complete the proof.

—.. Relations (4 questions, 45 points)

9. (10 points) % R C A x A, 5r55E X LA #4E:

- r(R): ¥ REARAE
« s(R): % R BUNFRHIL
e t(R): X R HUfL6 AL
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MEG ANKR R WRKGI T, FFREH R 5 R,

(2) BEHAENMEMEH/NRKER S(RCS), RN AT =R BRIk,
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(1) AESL. 28] A = {1,2,3}, R = {(1,3),(2,3)}s R = t(s(r(R))) =
{(1,1),(2,2),(3,3),(1,3),(2,3),(3,1),(3,2),(1,2), (2, 1) }; Ry = s(t(r(R))) =
{(1,1),(2,2),(3,3),(1,3),(2,3),(3,1),(3,2)}, R AEE (1,2) M (2,1), P
AHEEE

(2) RBAAE—NME—HR/NKRER S (S C R), FEIERHHLEF=AMER: AR
Ve XSRRIE. AR INRAFAE, WHWBTZ KRR S WIIETTVE: I RAAFAE,
1 R A

Solution

AEME—HR/NR R S, B R WSO ML Ma& ko el R 19 E A4
r(R), FHPUARIAIE s(r(R)), #5eJim HURE 38 140 t(s(r(R)))

10. (10 points) Considering relations on the set A = {1,2, 3, ..., 100} consisting of the first

100 positive integers, please answer the following questions:

(a) How many nonzero entries does the matrix representing the relation have if R =
{(a,b) [ a>b};
(b) How many relations are there on set A that are asymmetric (FEXJFK)

(¢) How many relations are there on set A that are both symmetric and antisymmetric

ORFR HOMFRD
(1) 4950
(2) 3 34950

(3)2' ((XB& AN, PRk REEE EM.)

11. (12 points) Given a function f : X — Y, define the relation

R = {(21,22) | f(21) = f(72), 71,79 € X}

ol



(a) Prove that the relation R is an equivalence relation.
(b) Give the corresponding set B of all equivalence classes.

(c) Define the function g : B — f(X) by g([z]) = f(x). Prove that g is a bijective

function.

iEBH (a) Prove that the relation R is an equivalence relation.

To prove that R is an equivalence relation, we need to show that it satisfies the three

properties of reflexivity, symmetry, and transitivity.

(1) Reflexivity: For any z € X, we have f(z) = f(z). Therefore, (x,z) € R. This

shows that R is reflexive.

(2) Symmetry: If (z,y) € R, then f(x) = f(y). This implies f(y) = f(x), so

(y,x) € R. This shows that R is symmetric.

(3) Transitivity: If (z,y) € Rand (y,z) € R, then f(z) = f(y) and f(y) = f(2).

This implies f(z) = f(2), so (z, z) € R. This shows that R is transitive.
Since R satisfies all three properties, it is an equivalence relation.
(b) Give the corresponding set B of all equivalence classes.

The set of equivalence classes B is given by the partition of X induced by the relation
R. Each equivalence class consists of all elements in X that are related to each other

under R. Formally, the set of equivalence classes B is:

B={lt| e X}

where [z] denotes the equivalence class of z, defined as:

[zl ={ye X |(v,y) e R} ={ye X | f(z) = f(y)}

(c) Prove that g : B — f(X) is a bijective function.

BT, 11|
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Define the function g : B — f(X) by:

We need to show that g is both injective (one-to-one) and surjective (onto).

(1). Injectivity: Suppose g([z]) = g([y]). This means f(z) = f(y). By the definition
of the equivalence classes, x and y are in the same equivalence class, i.e., [x] = [y].

Therefore, g is injective.

(2). Surjectivity: For any y € f(X), there exists some x € X such that f(z) = y.
Then, g([z]) = f(x) = y. This shows that every element in f(X) is the image of

some equivalence class in B. Therefore, g is surjective.

Since g is both injective and surjective, it is a bijective function.

12. (13 4%) W 1L, BARHES S, = {1,2,...,n} KIFTERIDHRIES. BEHEE S,
EEBARIS Pr={A), Ay, . A} Py = {By, B, ..., By}, EX TR A ¥
BA By, 8 A; C By, MFR Py /& Py BIINAH, idh P < P
(a) IEM): A (1L, %) &2 Mok
(b) X T n =23, EHHWFE (I, <) PG HTE.

) XT n=>5,KR{P, P} BEKTAMENESR, Hed P = {{1,2},{3},{4,5}},
Py = {{1},{2,3}, {4}, {5}}-

(a) To show that (I1,,, <) is a poset, we need to verify three properties:

1. Reflexivity: For any partition P € II,, clearly every block of P is a subset of

itself, so P < P.

2. Antisymmetry: Let X € P;. Since P, < P, there exists Y € P, such that

FOTL, 11
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X CY. Since P, < P, thereexists Z € P;suchthatY C Z. But X CY C Z
and X, Z € P;. Since the sets in a partition are non-overlapping, X =Y = Z.
Similarly, for any set in P, it is equal to a set in P;. Thus, P, = P,, and the

relation is antisymmetric.

3. Transitivity: If P, < P, and P, < Pj, then any block of P, is contained in

some block of P, which in turn is contained in some block of ;. Thus P, < FPs.

Therefore, (II,,, <) is a poset.
(b) Hasse diagram for II5:
For n = 3, the set S3 = {1, 2, 3} has 5 partitions:
* Py = {{1},{2},{3}} (finest partition)
* Pr={{1},{2,3}}
* P={{1,2},{3}}
* Py={{1,3},{2}}
* Py ={{1,2,3}} (coarsest partition)

The Hasse diagram is:

Py
P Py Ps

(c) Given:

A = {{17 2}7 {3}7 {47 5}}
Ay = {{1}7 {27 3}7 {4}7 {5}}

100, 11 o




* Greatest Lower Bound : The meet is the finest partition that is coarser than

both A; and A,. We find it by taking pairwise intersections:
— The element 1 is merged with 2 in A;, but forms a separate block in A,.
Therefore, 1 must form a separate block on its own.

— The element 2 is merged with 1 in A; and with 3 in A,. Therefore, 2 must

form a separate block on its own.

— Through similar analysis, it can be concluded that all elements form sepa-

rate blocks.

GLB = {{1},{2}, {3}, {4}, {5}}

* Least Upper Bound (LUB): The join is the coarsest partition that refines both

A and A,. We find it by taking connected components of the union:

— The block {1, 2} of A; and the block {2, 3} of A, intersect due to the ele-
ment 2, and they are merged into {1, 2, 3}.
— The block {4,5} of A, is split into {4} and 5} in A,. However, since the

LUB needs to be coarser than A, the block {4, 5} is retained.

LUB = {{1,2,3},{4,5}}
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